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, GCD (SVD) ,
,
[SSKS91, SSH92, SS93, NS98] ,
.
, .
$\bullet$ $||P||$ : $P$ 2 ;
$||P||=( \sum_{i0}^{n}=\sum_{j=}^{d}0|Ci,j|2)^{\frac{1}{2}},$ $P(x, y)= \sum_{i0}^{n}=\sum_{j=0}^{d}c_{i,jy}jX^{i}$ .
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$\bullet$ $||A||_{2}$ : $A(\in \mathbb{C}^{n\cross m})$ 2 ;
$||A||_{2}= \sup_{x\neq 0}||Ax||2/||x||_{2},$ $x\in \mathbb{C}^{n},$ $||x||_{2}=( \sum_{k=1}^{n}|_{X}i|^{2})\frac{1}{2}$ .
$\bullet$ $\sigma_{i}(M)$ : $M$ $i$ .
$\bullet$ $E_{i}$ : [NS98] $y$ .
$\bullet$ $\lfloor F\rfloor_{e}$ : $F$ , $y$ $e$ .
$\bullet$
$\lceil F\rceil^{e^{;}}$ : $F$ , $y$ $e’$ .
$\bullet[F]_{e}^{e’}$ : $\lceil\lfloor F\rfloor_{e}\rceil e’$ .




1 $F,$ $G,$ $H$ $\mathbb{C}$ , $\epsilon$ . $F$ $\epsilon$
, $\triangle_{F}$ .
$F=cH+\triangle F$ , $||\triangle_{F}||/||F||=\in<<1$ . (1)
2 $\mathrm{v}_{1},$ $\ldots,$ $\mathrm{v}_{n}\in \mathbb{C}^{l},$ $l\geq n$ , $R_{1}$ : $a_{1}\mathrm{v}_{i_{1}}+\cdot.$ . $+a_{\Gamma}\mathrm{v}_{i_{r}}=0$ $R_{2}$ : $b_{1}\mathrm{v}_{j_{1}}+\cdots+$
$b_{s}\mathrm{v}_{js}=0$ $\mathrm{v}_{1},$
$\ldots,$
$\mathrm{v}_{n}$ ( , $a_{i},$ $b_{j}\in \mathbb{C}$ ) .
, $\{i_{1}, \ldots , i_{r}\}\cap\{j_{1}, \ldots, is\}=\emptyset$ $R_{1}$ $R_{2}$ disjoint .
[SSKS91, SSH92, SS93, NS98] , $F$
.
$F=x^{n}+fn-1x^{n-1}+\cdots+f_{0},$ $f_{i}\in \mathbb{C}[y, \ldots, z](i=n-1, \ldots, 0)$ . (2)
3( )
Step 1 $F(x, c_{y}, \ldots, c_{z})$ $c_{y},$ $\ldots,$ $c_{z}$ .
Step 2 $F(x, c_{y}, \ldots, c_{z})$ $\zeta_{1},$ $\ldots,$ $(_{n}$ .
Step 3 $F(x, y, \ldots, z)$ .
$F(x, y, \ldots, z)\equiv(x-\varphi_{1}(y, \ldots, z))\cdots(x-\varphi_{n}(y, \ldots, z))$ $(\mathrm{m}\mathrm{o}\mathrm{d} s^{E_{n}}+1)$ .
2
Step 4 $\lceil\varphi_{1}^{i}\rceil^{E_{n}},$ $\ldots,$ $\lceil\varphi_{n}^{i}\rceil^{E_{n}}$ , $i=1,$ $\ldots,$ $n$ .
Step 5 $M_{i}(1\leq i\leq n)$ $j$ $[\varphi_{j}^{i}]_{E+1}^{E_{n}}i$ ,
$\lambda_{2},$
$\ldots,$
$\lambda_{n}$ $M(\lambda_{2}, \ldots, \lambda_{n})=M_{1}+\lambda_{2}M_{2}+\cdots+\lambda_{n}M_{n}$
, disjoint .
$[\varphi_{j_{1}}^{i}+\cdots+\varphi_{j_{r}}^{i}]_{E+1}E_{n,i}=0,$ $i=1,$ $\ldots,$ $n$ .
Step 6 disjoint $G—(x-\varphi_{j_{1}})\cdots(x-\varphi_{j_{r}})$
$(\mathrm{m}\mathrm{o}\mathrm{d} SE_{n}+1)$ – .
.





, $A,$ $B$ .
$A$ : $[\varphi_{1}^{i}+\cdots+\varphi_{m}^{i}]_{E+}E_{n,i}1=0(i=1, \ldots, m)$ , (4)




5 $F,$ $G,$ $H$ $\mathbb{C}$ , 6 . $F$ $\epsilon$
, $\triangle_{F}$ .
$F=GH+\triangle_{F}$ , $||\triangle_{F}||/||F||=\in<<1$ , (6)
3 4 .
6 $M(\lambda_{2}, \ldots, \lambda_{n})$ $n-1$ , $F$ . , .
7 6 , $M$ $F$
, $M$ $n$ – $n-1$ $F$
. $M_{1}$ .
3
.8 $A,$ $B\in \mathbb{C}^{m\cross n}$ . [GC96, Theorem 2.5.3]












0.0033$i$ ) $y^{3}+(0.0023+0.0027i)y^{4}+(0.0032-\mathrm{o}.002\mathrm{o}i)y5-(0.001+0.004i)y^{6}$ ,
$\varphi_{4}=$ $0.9645+1.655\mathrm{o}i-(\mathrm{o}.0420+0.0732i)y-(0.0938-0.1503i)y^{2}-(0.0076-$
0.0033$i$ ) $y^{3}+(0.0023-0.\mathrm{o}\mathrm{o}27i)y^{4}+(0.0032+0.002\mathrm{o}i)y5-(0.001 - 0.004i)y6$ ,
$\varphi_{5}=$ $0.9875-1.5020_{yy^{2}}-0.3596$ – 0. $3584y^{3}$ – 0. $4349y^{4}$ – 0. $5661y^{5}-0.7762y^{6}$ .
, $M_{1}$ . ( , $y$ 2 6 )
, , 165877, 0.29241, 0.01091, 0.00624
, $F$ 4 . 8 ,








$F$ , $M_{1}$ $M$
, $M_{i}$ $M_{1}$ ,
$i>1$ $M_{i}$ ,






$F(x, y)=Xn+ \sum^{d}j=0\sum_{l=0}n-1jf,lyX,$$n=\mathrm{d}jl\mathrm{e}\mathrm{g}(F),$ $F\in \mathbb{C}[x, y]$ ,
$c(x, y)=x+ \sum_{j=}n-1d0\sum_{\iota}n-2Hgj,ly^{j}x^{\iota d}(=0’ x, y)=x+\sum j=0^{h_{j,0}}y^{j}$ ,
$G,$ $H\in \mathbb{C}\{y\}[X],$ $F(x, y)\equiv G(x, y)H(x, y)$ $(\mathrm{m}\mathrm{o}\mathrm{d} y^{k+1})$ .
, $H(x, y)$ $-$
. $G(x, y)$ , $H$ $-$ .
$H$ $G$ , $y$ $k$
.
9 $\hat{\mathrm{c}}<<1$ $B$ .
$\tilde{F}(x, y)\equiv\tilde{G}(x, y)\tilde{H}(x, y)$ (mod $y^{k+1}$ ), $\tilde{F}=- F+\triangle_{F}$ ,
$||\triangle_{F}||/||F||\leq\epsilon,$ $\deg(\triangle_{F})<\deg(F),$ $B= \max\{||H-\tilde{H}||\}$ .
$B$ , $\epsilon$ $F$ .
, , $-$ , $F(x, y)$
$F(x, 0)$ , $\epsilon$ .
2.1 Hensel
Hensel , . ,
$\varphi_{i}(y, \ldots\}z)(i=1, \ldots, n)$
Hensel . , .
$F_{1}^{(0)}=x-\zeta_{1}$ , .. . , $F_{n}^{(0)}=x-\zeta_{n}$ . (7)
5
Moses-Young $w_{1}^{(l)},$ $\ldots,$ $w_{n}^{(l)}$ ($l=0,$ $\ldots,$ n– 1) .
$w_{i}^{(l)}= \frac{(_{i}^{l}}{\prod_{j=1,\neq}^{n}i(\zeta i-\zeta_{j})}$ . (8)
$w_{i}^{(l)}(i=1, \ldots, n)$ , .
$w_{1}^{(\iota} \frac{F_{1}^{(0)}\cdots F_{n}(0)}{F_{1}^{(0)}})+\cdots+w^{()}\frac{F_{1}^{(0)}\cdots F_{n}(0)}{F_{n}^{(0)}}nl=x^{l}$ . (9)
$k-1$ Hensel , $F\equiv F_{1}^{(k^{;})}\cdots F_{n}((k’)k’+1)\mathrm{m}\mathrm{o}\mathrm{d} y$ $F_{i}^{(k’)}$ $\equiv F_{i}^{(0)}$
(mod y) $F_{1}^{(k’)},$ $\ldots,$
$F_{n}^{(k^{j})},$ $k’=0,$ $\ldots,$ $k-1$ , $k’$
$e_{k’}$ . , $k$ $F_{1}^{(k)},$ $\ldots,$ $F_{n}^{(k)}$
.
$F_{i}^{(k)}=F_{i}^{(k-1)}+ \sum_{\iota=0}^{n-}1w^{()}\tilde{f_{\iota}}il(k),$ $i=1,$ $\ldots,$ $n$ . (10)
, $\tilde{f}_{0}^{(k)},$ $\ldots,\tilde{f}_{n-1}^{()}k$ .
$F-F_{1}^{(k-1)\ldots 1)}F_{n}(k-\equiv\tilde{f}_{n-1}^{()}kx^{n-1}+\cdots+\tilde{f}_{0}^{(k)}$ (mod $y^{k+1}$ ). (11)
, $k$ .
$e_{k} \equiv\epsilon F-\sum_{i=1}^{n}e_{k-1}^{i}||F^{(k-}1)||^{n-i}$ (mod $y^{k+1}$ ). (12)
$e_{k}=\epsilon+ne_{k-1},$ $e_{0}=\epsilon$ , $e_{k}= \frac{\epsilon(n^{k+1}-1)}{n-1}$
.
2 , Hensel , $y$
.
2 1 $F=(x^{2}+yx+2y-1)(x^{3}+y^{2}x-y+7)+0.2x$
. $\epsilon=0.0\mathrm{o}\mathrm{o}\mathrm{o}\mathrm{o}1$ , $(e_{2}, e_{3}, e_{4}, e_{5}, e_{6})=$ (0.000031, 0.000156,
0.000781, 0.003906, 0.019531) . ,






Hensel , . $arrow$
, , .
, $F\equiv GH$ $F+\triangle_{F}\equiv(G+\triangle c)(H+\triangle_{H})$
$\triangle c,$ $\triangle_{H}$ .
$\triangle_{F}\equiv G\triangle_{H}+H\triangle c+\triangle c\triangle_{H}$ , $\epsilon<<1$ ,
$\triangle c\triangle_{H}\ll G\triangle_{H}+H\triangle c$ . , $\tilde{G}=G+\triangle c,\tilde{H}=H+\triangle_{H}$ $\tilde{F},$ $G,$ $H$
, .
, $G^{(0)}(x, y)=G(x, y)$ $H^{(0)}(x, y)=H(x, y)$ .
$G^{(i)}(x, y),$ $H^{(}i)(x$ , , $\tilde{G},\tilde{H}$ $i$ .
$\tilde{F}(x, y)-G^{()}iH(i)\equiv\sum_{j0}^{kn-1()}=0^{\sum_{l=}y}\triangle_{fl}ij,j\mathrm{t}x$ (mod $y^{k+1}$ ),
$G^{(i)}(_{X}, y)=G^{()}i-1(x, y)+ \triangle(ci)=x^{n}-1+\sum_{j=0}k\sum_{\iota 0}n=-2g_{j}^{(},lyx^{l}i)j$ ,
$H^{(i)}(x, y)=H^{(i-1})(_{X}, y)+ \triangle(Hi)=x+\sum_{j=}k(0h_{j,0}i)_{y^{j}}$ ,
$\triangle_{G}(i)=\sum_{jj,l}^{k}=0\sum_{\iota^{-}}n2\triangle(i)x^{\iota}=0gy^{j},$ $\triangle_{H}(i)--\sum j=0(ki)y^{j}\triangle h_{\mathrm{j}},0^{\cdot}$
10 $\triangle_{F}(i),$ $\triangle(i)$ .
$\triangle_{F}(i)=(\triangle(i) \Delta f_{00} ,f_{0}1(i),$
”
$. . . , \triangle_{fk,n}(i)-1)^{t}$ ,





, $G_{j}^{(i)}$ $H_{j}^{(i)}$ , $\lambda=1(j=0)$ , $\lambda=0(j\neq 0)$ .
$G_{j}^{(i)}=$ $\backslash /g_{j,n}^{(i}g_{j,n-\mathrm{s}}^{(}gg_{i)}jj\lambda)(.\cdot.i’,)(i)-012)$ , $H_{j}^{(i)}$
.
$=$.
, $M^{(i)}$ $n(k+1)\mathrm{x}n(k+1)$ .
7
$M^{(i)}$ , ,
, $M^{(i)}$ . ,
$M^{(i)}$ .
$M^{(i)^{+}}=V^{(i)}\Sigma^{(}i)+U(i)^{T}$ , $M^{(i)}=U^{(i)(i)}\Sigma V^{(i})^{T}$ . (13)
,
$M^{(i-1)}\triangle(i)=\triangle_{F}(i-1)(i=1,2, \cdots)$ . (14)
, $i-1$ $i$ .
$\triangle(i)=M^{(i}-1)+\triangle_{F}(i-1)$ . (15)
, $\tilde{G}$ $\tilde{H}$ (15)
.
12 $A,$ $E(\in \mathbb{C}^{n\cross m})$ , . 1)
$|\sigma_{\kappa}(A+E)-\sigma\kappa(A)|\leq||E||_{2}$ . (16)
13 2 $\dot{\text{ }}$ . 2)
$A\in \mathbb{C}^{n\cross m},$ $B\in \mathbb{C}^{n\mathrm{X}r},$ $C\in \mathbb{C}^{r\cross m},$ $A=BC$, $||A||_{2}=||BC||_{2}\leq||B||_{2}||C||2$ . (17)
14 .
$s_{i}=c||\triangle_{F}(i)||2/\sigma_{(i)}2,$ $t_{i}=\sigma_{(+1}i)/\sigma(i),$ $c=\sqrt{k+1},$ $\sigma_{(i)}=\sigma_{n(k+1})(M(i))$ . (18)
15 $\triangle_{F}(i),$ $\triangle(i),$ $c$ .
$||\triangle_{F}(i)||2\leq C||\triangle(i)||22$ . (19)
$1)_{\mathrm{s}\mathrm{e}\mathrm{e}}$ [GC96, Corollary 862].
$2)_{\mathrm{s}\mathrm{e}\mathrm{e}}$ [GC96, 231].
8
$\delta G^{(i)}$ $\delta H^{(i)}$ .








, $(n-1)(k+1)\cross(k+1)$ $(k+1)\cross 1$ .
, 13
$||\triangle_{F}(i)||2$ $=$ $||\delta c^{(i)}\delta H^{()}i||_{2}$





16 $\triangle_{F}(i)$ $s_{i}$ .
$||\Delta_{F}(i)||_{2}\leq\Pi_{j=}^{i1}-s_{j}0||\triangle_{F}(0)||2$ $(i>0)$ . (23)
(15) 15 , . ,








17 $si<1$ $||\triangle_{F}(i+1)||_{2}<||\triangle_{F}(i)||_{2}$ .
9
16 . 1
18 $0\leq s_{0}\leq(<1)$ $0\leq s_{i}\leq s_{j}(i\geq j\geq 0)$ .
, $i=0,1,2,$ $\cdot$ ‘ $\cdot,$ $\kappa$ , $0\leq$
$s_{\kappa+1}\leq s_{\kappa}$ .
$0 \leq s_{\kappa}\leq\frac{3-\sqrt{5}}{2}$ $(<1)$ , $0\leq s_{\kappa}\leq(1 - s_{\kappa})^{2}$ . ,







, $0\leq s_{\kappa}\leq(1-S_{\kappa})^{2}\leq t_{\kappa}^{2}$ $0\leq s_{\kappa}^{2}/t_{\kappa}^{2}\leq s_{\kappa}$ , 16
$s_{\kappa+1}$ .





, $0\leq si$ $\leq s_{j}(i\geq j\geq 0)$ . I
19 $so \leq\frac{3-\sqrt{5}}{2}(<1)$ , .
20 $s_{0} \leq\frac{3-\sqrt{5}}{2}(<1)$ , $B \leq\sum_{k=1}^{\infty}s_{0}^{k}-1/(1-S_{0})k-1||\triangle_{F}(0)||_{2}/\sigma_{(0)}$
.














21 $\epsilon$ , $M_{1}$
.
$=M(.0, \ldots, 0)- \text{ }$ $\sqrt{\sum_{i^{--}1}^{n}B_{i}^{2}}$
. , $B_{i}$ $F$ $i$ $y$ $E_{n}$ .
3 1 $F=(x^{2}+yx+2y-1)(X^{3}+y^{2}x-y+7)+0.2x$ 0.000001
, . $||\triangle_{F}||/||F||\leq 0.000001$
$||\triangle_{F}(0)||\leq 0.000001$ $||F||=0.0000198504$ ,
, 0.00009333, 0.00017111, 0.00013391, 0.00013391, 0.00017974 . , 3
$M_{1}$ 0.00020869 , $F$ 0.00624





, $\sigma_{(0)}’=\min_{\varphi}(\sigma_{(}0))$ . ($\int fi|$ : 1 , 0.000014558
)
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